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The spreading of a cap-shaped spherical droplet on a completely wettable spherical substrate
is studied. The non-equilibrium thermodynamic formulation is used to derive the thermodynamic
driving force of spreading including the line-tension effect. Then the energy balance approach is
adopted to derive the evolution equation of the spreading droplet. The time evolution of the contact
angle θ of a droplet obeys a power law θ ∼ t−α with the exponent α, which is different from that
derived from Tanner’s law on a flat substrate. Furthermore, the line tension must be positive to
promote complete wetting on a spherical substrate, while it must be negative on a flat substrate.
PACS numbers: 64.60.Q-
I. INTRODUCTION
The spreading of a liquid droplet on a solid substrate is
a complicated phenomena where many factors come into
play. However, the time evolution of the spreading of a
liquid droplet on a flat solid surface can be usually de-
scribed by simple universal power laws [1–7]. The most
famous law called Tanner’s law describes the spreading
of small non-volatile droplet on a completely wettable
substrate. This law has been derived theoretically using
several different approaches [1–3] and confirmed exper-
imentally [2, 8, 9]. So far, however, most of theoreti-
cal as well as experimental work is confined to a droplet
on a flat substrate. Furthermore, the line-tension effect,
which acts at the three-phase contact line and must play
important role, has not been considered except for few
theoretical works [10, 11].
In the present study, we will consider the problem
of spreading of a cap-shaped spherical droplet of non-
volatile Newtonian fluids [4] gently placed on a spherical
substrate, though our results might be applicable to non-
Newtonian fluids as well [9]. The spreading on a spherical
substrate is interesting because not only several experi-
mental works has started to appear [12–14] but also it
has recently been revealed that the wetting behavior on
a spherical substrate is totally different from that on a flat
substrate, in particular, when the line tension is impor-
tant [15–17]. In fact, the effect of line tension on a spher-
ical substrate is different from that on a flat substrate.
For example, the complete wetting state can be realized
by positive line tension on a spherical substrate [16], while
it can be realized by negative line tension on a flat sub-
strate [18].
Although the magnitude of the line tension is believed
to be small [19–23] so that the size of the droplet must
be nano-scale, there is some argument that the line ten-
sion could be a few order of magnitude larger [24, 25]
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than it has bee predicted so far when the gravitation can
be important. If that is true, it could be possible to
observe the line-tension effect on a micro- to millimeter
scale droplets. Note, however, that the experimental de-
termination of line tension from the contact angle mea-
surements is problematical because various effects such
as the adsorption at the three-phase contact line [26],
the effect of substrate on the surface tension through the
disjoining pressure [27, 28], and curvature-dependent sur-
face tension [29, 30] will hinder the unique interpretation
of experimental results to extract intrinsic line tension.
In the following, we will consider the spreading of a cap-
shaped spherical droplet on a spherical substrate using
the energy-balance approach [3, 4, 7] which can easily
include the line-tension effect [11].
II. EFFECT OF LINE TENSION ON
THERMODYNAMIC DRIVING FORCE
The non-equilibrium thermodynamics [10] will be used
to derive the thermodynamic driving force for spreading.
Suppose, the droplet is a spherical cap of radius r with
the non-equilibrium dynamic contact angle θ on a spher-
ical substrate of radius R as shown in Fig. 1. The Gibbs
free energy G consists of the interface free energy F and
the work supplied by the external action w:
G = F − w (1)
with
F = σLVALV + σSVASV + σSLASL + τL (2)
where γij and Aij are the surface tension and surface area
of liquid-vapor (LV), solid-vapor (SV) and solid-liquid
(SL) interfaces. The last term is the contribution form
the line tension τ with the three-phase contact line length
L.
From Eq. (2), the free energy change by a small dis-
tortion of a spherical cap (Fig. 1) can be expressed by
δG = σLVδALV + σSVδASV + σSLδASL + τδL− δw. (3)
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FIG. 1. A spherical liquid droplet on a convex spherical
substrate. The centers of the droplet with radius r and that
of the spherical substrate with radius R are separated by a
distance C. The radius of the contact line is denoted by RL
and the dynamic contact angle is denoted by θ. Note that
the three-phase contact line passes through the equator when
the half of the central angle becomes φ = 90◦ and the contact
line moves from the upper hemisphere to lower hemisphere on
the sphere. A small distortion of a spherical cap induces the
displacement of radius δrn and that of contact line δRL.
A small distortion induces the displacement of radius δrn
and that of contact line δRL of the droplet. Therefore,
there are two contributions to the increase of liquid-vapor
surface area δALV = δALV1 + δALV2. The first contribu-
tion is given by (see Fig. 1)
δALV1 =
∫ ∫
SLV
κδrndA, (4)
where the integration is over the liquid-vapor surface area
SLV, and
κ =
2
r
(5)
is the curvature of the spherical liquid-vapor interface
with radius r. The displacement δRL of the triple line
in Fig. 1 by spreading will also increase the liquid-vapor
surface area, which is the second contribution given by
δALV2 =
∮
L
δRL cos θdl, (6)
where the integration is along the three-phase contact
line L. The increase of the solid-liquid surface area is the
decrease of the solid-vapor surface area, and is given by
δASL =
∮
L
δRLdl = −δASV. (7)
The radius of the triple line increases by the amount
δRL cosφ, therefore
δL =
∮
L
δRL cosφ
RL
dl, (8)
where RL = R sinφ is the radius of the triple line and φ
is half of the central angle corresponding to the contact
arc of the solid surface (Fig. 1). Using the work done
by the Laplace pressure ∆p, the increase of the work δw
supplied by external action is written as
δw =
∫ ∫
SLV
∆pδrndA. (9)
Therefore, the free energy change δG in Eq. (3) is givey
by
δG = σLV
∫ ∫
SLV
κδrndA+ σLV
∮
L
δRL cos θdl
−σSV
∮
L
δRLdl + σSL
∮
L
δRLdl
+τ
∮
L
δRL cosφ
RL
dl −
∫ ∫
SLV
∆pδrndA. (10)
Defining the thermodynamic driving forces fS and fL
through ∮
L
fLδRLdl +
∫ ∫
SLV
fSδrndA = −δG, (11)
we obtain
fL = σSV − σSL − σLV cos θ −
τ cosφ
RL
, (12)
fS = ∆p− σLVκ. (13)
Using the spreading parameter S defined by
S = σSV − σSL − σLV, (14)
Eq. (12) can be written as
fL = S + σLV (1− cos θ)−
τ
R tanφ
. (15)
At the thermodynamic equilibrium fL = fS = 0,
Eqs. (12) and (13) become
0 = S + σLV (1− cos θ)−
τ
R tanφ
, (16)
0 = ∆p− σLVκ, (17)
which are the generalized Young’s formula and Young-
Laplace formula, respectively. When the substrate is
incompletely-wettable (S < 0) and is characterized by
the Young’s contact angle θY defined through
σSV − σSL = σLV cos θY, (18)
3Eq. (16) becomes
σLV (cos θY − cos θ)−
τ
R tanφ
= 0, (19)
because S = σLV (cos θY − 1) < 0. Equation (19) will de-
termine the equilibrium contact angle θe which includes
the line-tension effect when the substrate is characterized
by the Young’s contact angle θY. However, because we
pay most attention to the completely-wettable substrate
with S ≥ 0, we will use Eqs. (15) and (16) instead of
Eq. (19).
Using the geometric relations (Fig. 1)
C cosφ = R− r cos θ,
C sinφ = r sin θ, (20)
and the size parameter of the droplet
ρ =
r
R
, (21)
relative to the size of the spherical substrate, we obtain
tanφ =
ρ sin θ
1− ρ cos θ
. (22)
Then, the thermodynamic force fL in Eq. (15) is written
as
fL = S + σLV (1− cos θ)−
1− ρ cos θ
r sin θ
τ (23)
using the dynamic contact angle θ. The line-tension con-
tribution vanishes and changes its sign at φ = φc = pi/2
from Eq. (15) or at θ = θc defined by R − r cos θc = 0
from Eq. (23), which gives the critical contact angle θc
given by
cos θc =
R
r
=
1
ρ
, (24)
where the three-phase contact line passes through the
equator of the substrate.
During the spreading with dynamic contact angle θ, a
positive line tension (τ > 0) will decelerate the spreading
of the three-phase contact when the three phase contact
line is on the upper hemisphere (φ < pi/2) from Eq. (15).
However, once the three-phase contact line crosses the
equator and moves into the lower hemisphere (φ > pi/2),
the positive line tension will accelerate the spreading.
This fact can be easily understood as the spreading on
the upper hemisphere accompanies the expansion of the
contact line (circle), while the complete wetting on the
lower hemisphere is accomplished by the shrinkage of the
contact circle (Fig. 2(a)). In contrast, the positive line
tension (τ > 0) will always decelerate the spreading on a
flat substrate [11] as the contact line will always expand
towards the complete wetting state (Fig. 2(b)).
The size parameter ρ or the droplet radius r is not a
constant but is a function of the dynamic contact angle
φ
θ
ψ
θ
a
(a)
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FIG. 2. (a) A spreading droplet on a spherical substrate.
The three-phase contact line shrinks towards the south pole
of the substrate to realize complete wetting state. (b) A spher-
ical droplet on a flat substrate. In this case, the three-phase
contact line expands toward infinity to realize the complete
wetting state. Therefore, the line tension on a spherical sub-
strate plays opposite role to that on a flat substrate.
θ, since the droplet volume V is fixed for a non-volatile
liquid. The droplet volume V is given by [15]
V =
(
4pi
3
R3
) (ζ − 1 + ρ)2 [3 (1 + ρ)2 − 2ζ (1− ρ)− ζ2]
16ζ
,
(25)
with
ζ =
√
1 + ρ2 − 2ρ cos θ. (26)
Since the droplet volume is fixed at
V0 =
4pi
3
R3
(
ρ30 − 1
)
, (27)
where ρ0 = r0/R > 1 is the size parameter when the
droplet completely spread over the spherical substrate
(θ = 0), we obtain
ρ ≃ ρ0 −
ρ0
16 (ρ0 − 1)
3
θ4 (28)
by expanding Eq. (25) and ρ by θ. Then, Eq. (22) is
approximated by
tanφ→
ρ0
1− ρ0
θ. (29)
when θ → 0 and φ→ pi. Note that we cannot extrapolate
our results of the spherical substrate to a flat substrate
by taking the limit R→∞ or ρ0 → 0 in Eqs. (27) to (29)
because we alwasy have ρ0 > 1 as the droplet volume is
fixed. In order to wet a spherical substrate completely,
the surface area of the spreading droplet must always be
larger than that of the substrate. In contrast, the surface
area of the droplet must always be smaller that that of an
infinite flat substrate. This topological difference already
implies that the spreading law on a spherical substrate is
different from that on a flat substrate.
4III. SPREADING USING THE ENERGY
BALANCE APPROACH
Once we found the thermodynamic driving force fL
in Eqs. (15) and (23) for spreading, we can formulate
the spreading problem of a droplet on a completely wet-
table (S > 0) spherical substrate. We will follow closely
the energy balance approach originally formulated by de
Genne [4] and extended to include the line tension on a
flat substrate by Mechkov et al. [11].
Suppose the free energy of the contact line per unit
length is given by gL and the free energy dissipation at the
contact line per unit length per unit time is W , then the
free energy of the contact line is given by GL = 2piRLgL.
Since the contact line length is RL = 2piR sinφ, the free
energy balance is expressed as
−
d
dt
(2piR sinφgL) = (2piR sinφ)W. (30)
On the other hand, the free energy dissipation due to the
action of the thermodynamic force fL can be written as
−
d
dt
(2piR sinφgL) = (2piR sinφ) vfL (31)
using the velocity v of the contact line. Since the right-
hand side of Eqs. (30) and (31) must be equal, we have
W = vfL = v
(
S + σLV (1− cos θ)−
τ
R tanφ
)
, (32)
which is the starting point of the energy balance ap-
proach.
According to de Gennes [4], the dissipation W can be
divided into three contributions
W =Wdrop +Wfilm +Wprecursor, (33)
where Wdrop is the dissipation in the wedge of the drop,
Wfilm is the dissipation in the wetting film, andWprecursor
is the dissipation in the precursor film. Hervet and de
Gennes [3, 4] proved that
Wfilm = vS, (34)
which might be questionable on a spherical substrate as
the film cannot exist when the droplet completely wet
the substrate (Fig. 2(a)), while it can exist on an infi-
nite flat substrate (Fig. 2(b)). Since we are interested in
the spreading process before complete wetting, we will
continue to adopt Eq. (34) on a spherical substrate.
Furthermore, the contribution of the precursor film
Wprecursor is negligible [4, 11]. Then, Eq. (32) becomes
Wdrop = v
(
σLV (1− cos θ)−
τ
R tanφ
)
, (35)
where we consider only the hydrodynamic viscous dis-
sipation Wdrop inside the drop in Eq. (33). Using the
wedge approximation, the dissipation in the bulk drop is
given by [4, 7, 11]
Wdrop ≃
3ηv2
θ
ln
∣∣∣∣xmaxxmin
∣∣∣∣ = κηv
2
θ
(36)
where η is the viscosity of the liquid, xmax and xmin are
the cutoff length when the three-phase contact area is
approximated by a wedge. Here, we introduced constant
κ = 3 ln |xmax/xmin|. Therefore, Eq. (35) is written as
κη
θ
v2 = v
(
σLV (1− cos θ) −
τ
R tanφ
)
. (37)
We now introduce the angle ψ defined by (Fig. 2(a))
ψ = pi − φ, (38)
and consider the spreading to a complete wetting state
θ → 0 and ψ → 0. Then, Eq. (29) gives
tanφ ≃ −ψ = −
ρ0
ρ0 − 1
θ (39)
and Eq. (37) becomes
κ
ηv
σLV
=
1
2
θ3 +
ρ0 − 1
ρ0
τ˜ , (40)
where
τ˜ =
τ
σLVR
(41)
is the scaled line tension relative to the liquid-vapor sur-
face tension σLV.
When the line tension τ can be neglected (τ = 0), we
recover the standard equation of spreading given by [1,
2, 5]
θ3 = 2κCa (42)
from Eq. (40), where
Ca =
ηv
σLV
(43)
is known as the capillary number. In contrast to the
spreading on a flat substrate [11], a positive line tension
τ > 0 always accelerate the spreading from Eq. (40).
Because Eq. (42) and, therefore, Eq. (40) are derived
from Eq. (36) which is based on the wedge approxima-
tion [3, 4], their validity might be questionable when
the dynamic contact angle θ becomes small and the
droplet and the spherical substrate have similar curva-
tures. Then, the droplet near the contact line looks more
like a thin-film or a slab rather than a wedge. In fact, an
equation similar to Eq. (36) can be derived by simplify-
ing a spherical droplet by a thin-film or a disk [5, 7, 8].
Therefore, we will continue to use Eq. (40) and (42) to
discuss the spreading on a spherical substrate.
5Since the velocity of the contact line on a sphere is
given by
v =
d
dt
Rφ = −Rψ˙ = −R
ρ0
ρ0 − 1
θ˙, (44)
and Eq. (40) will be transformed into the evolution equa-
tion for the dynamic contact angle θ:
θ˙ = −
σLV
κηR
(
ρ0 − 1
ρ0
)(
1
2
θ3 +
ρ0 − 1
ρ0
τ˜
)
. (45)
When the line tension can be neglected (τ = 0), the
evolution of the dynamic contact angle follow the evolu-
tion law
θ ∝ ψ ∝ t−1/2, (46)
and
v ∝ t−3/2, (47)
from Eqs. (44) and (45).
On the other hand, when the line tension is positive
(τ > 0) and dominant in Eq. (45), we have
θ ∝ ψ ∝ t0 − t (48)
and
v ∝ constant, (49)
where t0 is the time when the spreading will be com-
pleted and the droplet will enclose the spherical sub-
strate, which is determined by the initial position (ini-
tial contact angle θ) of the spreading front. This is the
only scenario that can be deduced mathematically from
our macroscopic model since the half of the central an-
gle φ is always related to the dynamic contact angle θ
through Eq. (22). Then the dynamic contact angle θ ap-
proaches 0◦ (θ → 0◦) as the contact circle shrinks and
disappears (φ → pi). Microscopically, however, one may
imagine that the advancement of spreading front is suffi-
ciently fast that the contact circle is collapsing at a finite
contact angle. Then, the thickness of the wetting film at
the south pole (φ = pi) of the spherical substrate sub-
strate (Fig. 2(a)) changes discontinuously. In order to
discuss such a microscopic process, we have to consider
the microscopic model which includes the disjoining pres-
sure and precursor film [4, 11]. When the line tension is
negative (τ < 0), the droplet cannot spread over whole
substrate since it is energetically unfavorable to elimi-
nate the three-phase contact line. In order to achieve the
complete wetting, a positive line tension is necessary on
a spherical substrate.
So far, we have considered a completely-wettable
spherical substrate with S > 0 or θY = 0
◦. When
the line tension τ is positive and is sufficiently large on
a partially-wettable substrate with S < 0 or θY > 0,
the equilibrium morphology with the lowest free energy
can be a complete-wetting state with the contact angle
θe = 0
◦ [16]. Then, the partially-wettable substrate turn
into a completely wettable substrate by the action of line
tension, and Eqs. (48) and (49) become applicable. In
such a case, however, the initial position (initial contact
angle θ) of spreading front must start from the position
where the free-energy barrier from a metastable state is
already crossed [16].
Finally, we recapture the result for a flat substrate [1,
2, 4, 7] for the sake of comparison. On a flat substrate,
Eq. (40) is written as [11]
κ
ηv
σLV
=
1
2
θ3 −
τ
σLVa
θ (50)
where a is the base radius of the droplet (Fig. 2(b)). The
droplet volume V0 is proportional to the dynamic contact
angle θ through
V0 ≃
pi
4
a3θ. (51)
When the line tension can be neglected (τ = 0), Eq. (37)
together with v = a˙ leads to the evolution equation of the
base radius a, from which the well-know Tanner’s law
a ∝ t1/10, (52)
and
v ∝ t−9/10. (53)
are derived. The evolution law of the dynamic contact
angle on a flat substrate is given by [8]
θ ∝ t−3/10, (54)
which is different from Eq. (46) on a spherical substrate.
On the other hand, when the line tension is negative
(τ < 0) rather than positive and dominant in Eq. (40),
we have [11]
a ∝ t1/5, (55)
v ∝ t−4/5, (56)
and
θ ∝ t−3/5. (57)
which, again, is different from Eq. (48) on a spherical
substrate. The scaling rule in Eq. (55) has been observed
in the spreading of nematic crystals [11, 31, 32]. In order
to achieve the complete-wetting, a negative line tension
is necessary on a flat substrate.
IV. CONCLUSION
In the present study, we considered the problem of
spreading of a cap-shaped spherical droplet on a spherical
substrate using the energy balance approach. We found
6a scaling rules of the time evolution of the dynamic con-
tact angle on a completely wettable spherical substrate.
This new scaling rule is different from well-know Tanner’s
law [2, 8] on a flat substrate. Experimental attempts to
verify this scaling rule will be interesting.
The effect of line tension on the spreading on a spheri-
cal substrate is considered and the result is, again, differ-
ent from that of a flat substrate. Most notably, a positive
line tension is necessary [16] to realize complete wetting
on a spherical substrate, while a negative line tension is
necessary on a flat substrate. The scaling rule of dynam-
ics on a spherical substrate is also different from that
on a flat substrate. Even though the magnitude of the
line tension has been believed to be small, a gravitation
assisted enhancement of the line tension [24, 25] would
make it possible to observe line tension effect even in
macroscopic droplets.
Although we consider the spreading of simple liquids
on a hydrophilic substrate, the spreading of surfactant so-
lutions on a hydrophilic flat substrate is known to show
the non-isotropic fingering instabilities called Marangoni
effect [33–35] due to the surface tension gradient. These
instabilities are closely related to the general instabili-
ties of the growing front due to diffusion [36, 37]. The
fingering instabilities on a spherical surface will be an
interesting subject to study.
Finally, we notice that the spreading on completely-
wettable spherical substrate involves topological phase
transition since the topology of the wetting film changes
from a hollow to a spherical surface which enclose the
spherical substrate.
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